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Abstract: In this paper, experimental solutions of the electromagnetics Laplace equation are presented. First, the
papers review the Laplace problem, then solve it using analytical, numerical and experimental methods and compare
them together. It also shows that how useful information can be obtained from a raw Laplace equation data. Several
tutorial measurements and discussions have been proposed. This paper can be used as a good educational tool in

Electromagnetic and physics courses.
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I. INTRODUCTION

In recent years, the development of electromagnetics has
shown the impressive importance of the static solution of
the electromagnetics problems. On the other hand static
solution in the electromagnetics is the basis of the dynamic
solution to the electrodynamics problems. So without
concentrating on the electrostatics, electrodynamics
understanding seems to be improbable. Laplace and
Poisson equations are electrostatics problems and the
simplest form of the elliptic partial differential equations
(PDEs) [1]. In fact the general theory of the Laplace
equation solution is known as the potential theory. The
solution to this equation is known as harmonic functions
[2], and these functions are notable in different fields such
as: Electrostatic, Astronomy, Fluid Dynamics, etc.

Numerical solution of linear PDEs can be performed by
different methods including finite difference method
(FDM), finite element method (FEM), and method of
Moments (MoM) [3]. The practical solutions of some
types of applied PDEs have been reported in early and
recent papers [4, 5].

Here, in this paper, a very simple set up for experimental
solution of Laplace equation is introduced. The practical
results are compared with those of numerical and
analytical methods. The most important feature is the
tutorial achievements of the results. Some of the most
important results are argued. These results can be included
in the applied electromagnetics courses to strengthen the
understanding of the electrostatic potential concept.

1. DERIVATION OF LAPLACE EQUATION

As we know the curl of the static electrical field is zero so
it is known as the gradient of a scalar potential V:

1)

On the other hand from the differential form of the Gauss
rule, the following results can be obtained:

VV =-E
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Equation (3) is known as the Poisson equation. In this
equation, V2 is the Laplacian operator, V is the scalar
potential, p is the charge density and ¢ is the permittivity
coefficient of the medium. If the amount of p in a portion
of the medium equals to zero, which is the common and
normal case, then this equation is known as the Laplace
equation.

V.E=Pl>vwv="P/
viv="P/

Keeping this in mind, in the next section of this paper,
numerical solution to the Laplace equation is reviewed.
Then the experimental solution to a 2D Laplace problem is
studied. Some useful results are discussed; and a
comparison  between  analytical, numerical and
experimental solutions for this problem is performed in
section V. The paper ends with a conclusion in section V.

I11. NUMERICAL SOLUTION TO THE LAPLACE
EQUATION

Due to the development of numerical methods in various
fields, these methods have become more widespread and
various software tools analyze the PDE problems based on
these methods. Among the most important of these
methods FEM, FIT, MOM, FDM can be mentioned [3].
Also in the fields of electrostatics and electrodynamics,
some popular commercial software products exist that use
numerical solution methods. For example, COMSOL uses
FEM, CST employs FIT, FEKO is based on MOM, HFSS
works with FEM.

In this paper, only FDM is used, which is very simple
compared with the MOM and the other methods. This
method is based on an approximation of the differential
operators. One of these approximations i.e. the forward
difference (FD) scheme for the first order differential
equation is as follows.
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Vx+ Ax,y,z) — V(x,V,2)
Ax

(4)

9 Vxy,7)
ax Xy,2)=

Similarly, the backward difference (BD) approximation
for the second order differentiation is as follows:

92V ;—XV(X, y,Z) — ;—XV(X — Ax,y,7) ®)

ﬁ’v Ax

Combining (4) and (5), the following result can be
obtained for the 2™ order derivative.

02 (6)
EV(X, Y, Z)
V(x+ Ax,y,z) — 2V(x,y,z) + V(x — AX,y,Z)
- Ax?

For the z and y dimensions, similar equations can be
obtained. Employing these equations we are able to
approximate a PDE and reduce the order of its complexity
from a differential equation to an algebraic equation.
Equation (3) can be written as follows.

9° 02 (7
2 —_ —
VeV E V(x,y,z) + _ay2 V(x,y,2)
2

0
+ﬁV(X,y,z) =0

So after replacing (6) and the similar equations for other
dimensions into (7) the following equation is obtained.

1
v(x,y,z) = g [v(x + Ax,y,z) + v(x — Ax,y,z) ®)

+v(x,y + Ay, z)
+v(x,y — Ay, z)
+v(x,y,z + Az)
+v(x,y,z — Az)]

This equation says that the voltage at a point (x,y,z) can
be considered as the average of voltages of the

surrounding points. This fact is known as the “mean

value” theorem. Also for a 2D problem where
2

;7V(x,y,z) =0, (8) can be written as the following

equation.

[v(x + Ax,y) + v(x — Ax,y) ©)

+v(x,y + Ay)
+v(x,y — Ay)]

v(x,y) =

AN

Equations (8) and (9) are the numerical approximation of
an exact mean value theorem as follows [3]:

1
V(x,y) = ﬁf V(x,y)dl (10)

Similarly the continuous form of the 3D mean value
theorem is:
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1 11
V(x,y,z) = Wﬁ V(x,y,z)ds (11)

By considering the mentioned explanations a MATLAB
program can be written for calculation of potentials in all
points of an arbitrary structure with an arbitrary boundary
conditions. To do this, the following steps must be
followed. First we need to discrete the structure. There are
different grids for various structures that can be used, such
as rectangular grid, skewed grid, circular grid, triangular
grid and so on [3]. In this paper, for the sake of simplicity,
we consider the rectangular. Then using the methods
mentioned in this section, an algebraic equation governing
the problem is obtained from its PDE.

Finally by writing these equations for each point of the
grid of the structure and putting them into a system of
equations, the potential of the unknown points can be
calculated. It should be noted that the methods of solving
the obtained algebraic system of equations, has a lot of
diversity and details. However we simply use the “inv”
command in MATLAB software for our program.

IV. EXPERIMENTAL SOLUTION FOR THE 2D
LAPLACE EQUATION

To perform an experimental analysis for a 2D Laplace
problem, first the desired structure or container must be
physically implemented as shown in Fig. 1. Then the
container is filled with a liquid —such as distilled water- to
be able to measure voltage of each point of the grid. Then
after connecting signal generator to the boundaries, the
voltage of each point of the grid of the structure is
measured with an oscilloscope or voltmeter. The data are
written down and finally the obtained results must be
analyzed.

In our 2D Laplace problem, we consider a rectangular
structure that we connect 100 mv voltage signals into two
of its boundaries (boundaries 1 and 2 in Fig. 2) and zero
Volt voltage signal to the other boundaries.

Table 1 shows the voltage of the points of the grid of the
structure which is measured experimentally. Fig. 3 shows
the MATLAB software analysis over our measured data.

This problem is also solved with analytical and numerical
methods. Fig. 4 shows the numerical results obtained by
FDM method and Fig. 5 shows analytical results which is
calculated by the following equation.

=\ 200 12)
V(x,y) = Z(E(l — (=1D)9)sin(*/0 )
a=1
X (—coth <&%)

X sinh (“”/20 (30 — x))
+ cosh(*7 /5 (30 — x)))
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TABLE | EXPERIMENTAL DATA FOR THE VOLTAGES OF 140 POINTS OF THE GRID OF THE STRUCTURE
(472 POINTS MEASURED AT 1 KHZ FREQUENCY).

75 | 85 | 90 | 90 | 90 | 90 | 90 | 90 | 90 | 90 | 90 | 90 | 95 | 95
32 | 52 | 62 | 70 | 76 | 78 | 80 | 85 | 85 | 85 | 85| 90 | 95 | 95
12 | 28 | 44 | 54 | 60 | 60 | 60 | 64 | 68 | 68 | 74 | 76 | 80 | 95
10 | 22 | 38 | 44 | 52 | 58 | 60 |64 | 64 | 68 | 70 | 78 | 80 | 90
6 16 | 28 | 34 | 40 | 46 | 50 | 56 | 58 | 60 | 64 | 74 | 78 | 90
6 12 | 23 | 30 | 36 | 40 | 44 | 48 | 52 | 56 | 60 | 68 | 76 | 85
4 10 | 18 | 23 | 28 | 33 | 37 | 39 | 42 | 46 | 50 | 58 | 70 | 85
35| 75|11 | 16 | 20 | 23 | 27 | 29 | 32 | 35 | 39 | 50 | 60 | 80
2 |45 |75| 10 |12 | 14 | 16 | 18 | 20 | 23 | 27 | 30 | 42 | 76
12112} 5 |75 |75|85|95 |10 |11 |12 |16 | 18 | 25 | 68

the muting polanials ractcal)

Fig. 1. Experimental set up, implemented for 2D Laplace
problem.

1

X
Fig. 2. Boundaries allocation of the structure

R Fig 3.MATLAB software results over the measured data.

I B (a) The exact voltages measured at each point. (b)
i o Approximate voltages (c) The electric field lines.

(@)
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ihe resuling ot

Fig. 4.Numerical solution of Laplace equation using finite
difference routine. a) Continuous format b) continuous
format together with equipotential lines c¢) equipotential

lines.

the esuting potestals (pracecs)

the resuing petentss fpracics)
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(©)
Fig. 5. Analytical solution of Laplace equation. a)
continuous format b) continuous format together with
equipotential lines c¢) equipotential lines.

The capacitance of this structure can be calculated using
the Laplace data obtained. To do that the following
equations must be noticed.

o4 (13)
v
q= fD.ds (14)
D= gjqua E>D =80%¢gy+E (15)
(16)

ng.dszSO*hxeo

X ( E E,
on widt h
+

Ey)

on lengt h

MATLABIn which h is height of the container or the
capacitor. From MATLAB software calculations for
experimental method, the following values are obtained:

Z E, =184 and Z E, =220
on widt h on lengt h

C =80+0.02m x 8.85* 10712 x 404 =
0.72 x 80pF = 57.6pF

It should be noted that the values of electrical fields have
been obtained from numerical derivative of voltage
function.

Similar to the mentioned method, for numerical and
analytical solutions, capacitance value for the structure can
be obtained. Capacitance using numerical solution is
63.814 PF and that based on the analytical data
is 75.31 PF. The results are so promising. In the above
mentioned calculations, based on the data sheet, the
relative dielectric constant of water is assumed to be 80.

It is also important to check the effect of some of the
experimental parameters such as frequency, liquid depth
and liquid type on our results.

To check the influence of excitation frequency, we have to
note that due to the phenomenon of electrolysis in water or
other polar liquids, unlike the numerical and analytical
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solutions, the experimental solution to Laplace equation
cannot be done in DC frequency. However if nonpolar
liquids are used in the experimental solution, the
frequency can be set to zero. Considering temporal form
of voltage as V = Acos(wt), from the wave equation in 1
KHz frequency we have the following results.

2 6
2y = 297 N LA 17)
vey = — A. cos(wt) 51016 = 0-
V2V =0

So for low frequency conditions the wave equation
approximately is as the Laplace equation. From this
equation it can be understood that the lower the frequency
that is set, the more accurate results are must be obtained,
but based on our measurements that has been done for 100
Hz and 500 Hz frequency, the mean squared error (MSE)
for 500 HZ is lower than that of the 100 Hz. As
mentioned, reason for that is the phenomenon of
electrolysis in water.

To check the influence of liquid depth in the conditioner,
we have to note that unlike numerical and analytical
solutions, in experimental solution an exact 2D problem
cannot be solved and only 3D problems can be solved. To
reduce the 3D problem to a 2D problem, i.e. to remove the
voltage variations along the third dimension from the
structure, the structure size must be unbounded in this
dimension. So by increasing the depth of the liquid, the
measured results are more accurate and the effect of the
probe depth can be ignored. But building such a big
structures or doing measurement in them is quite
impossible, so for decreasing the value of electrical field
in third dimension instead of making unbounded structure
the high permittivity liquids can be used as following
equations show.

Dy =Dy =p (18)
p=0-Dy =Dy = & By = &E,, (19)
Therefore;
if & » &, thenE,; K E,, (20)

The relation (20) is written at the boundary of free space
and the liquid, so in this equation medium 1 is the liquid
and medium 2 is the free space.

Results and Discussions

From the results obtained with experimental, numerical
and analytical solution to this Laplace problem we can
conclude the following tutorial results.

1) Near the boundaries, the equipotential lines that voltage
is constant along them, follow the shape of the boundary.
2) The potential values in the structure are between the
maximum and minimum potential values of the boundaries
and do not have local maximums and minimums. This
validates the mean value theorem.

3) The electrical field lines are perpendicular to the
boundaries near them.
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4) The electrical field lines start from positive voltages and
end with negative voltages.

5) The electrical field lines are stronger near the
connection between boundaries having different voltages.
This effect is usually known as the edge effect.

6) Mean value theorem certification for an arbitrary point
in experimental method. For example for a point whose
adjacent voltages are measured as 85, 42, 50 and 70 mV,
the measured voltage is 62 mV. The following calculation
shows how accurate the mean value theorem can be
practically verified:

Veenter = % X (85mv + 42mv + 50mv + 70mv) =

61.75mv = 62mv

7) The stronger the electrical field lines, the more compact
the voltage lines Become.

8) It should be noted that our boundaries in our tests are
the equipotential boundaries while the problem may have
a float (Neumann) boundary. In that case, the formation of
the voltage lines and electrical field lines are reversed in
comparison with equipotential (Dirichlete) boundary near
the boundary. As Fig. 6 shows, the equipotential lines are
parallel to the Dirichlete boundaries(boundaries 1 and 3),
whilst they are perpendicular to Neumann boundaries
(boundaries 2 and 4). This matter is just the opposite for
electric field lines.

float (Neumann) bounadry

10 20 30 40 50 5
Fig. 6 Comparison between float and equipotential
boundaries. The equipotential lines are parallel to the
Dirichlete boundaries, whilst they are perpendicular to
Neumann boundaries. The electric field lines are shaped
just the opposite.

9) From Fig. 6, it can be easily understood that floating the
boundaries in two opposite sides is equivalent to removing
the dependency of the volatge on that dimension.

10) Using numerical approach, solving the Poisson
equation with arbitrary boundary conditions and arbitrary
charge density distribution is quite simple. Fig. 7 shows an
example of numerical solution to an arbitrary Poisson
equation. Interested researchers may develop a test set-up
for this case.

11) As mentioned, due to the phenomenon of electrolysis
in polar liquids such as water, the experimental solution to
Laplace equation cannot be done in zero frequency and
DC condition.

12) The higher the permittivity of the liquid the more
accurate the Laplace equation will be solved.
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13) The more the liquid depth, the more accurate the
Laplace equation solution will be.

14) Also it is possible to check the effect of applying an
arbitrary voltage function as a boundary condition. This
idea is a little bit complicated to be implemented as an
experimental solution, but with the numerical or analytical
solution it is easy to achieve the correct answer. Fig. 8
shows the numerical solution to Laplace equation for an
arbitrary voltage function as a boundary condition.

15) Also it is possible to check the effect of applying
boundary condition with odd or even symmetry. For our
scenario (Fig. 2), in odd symmetry, boundaries 1 and 3
must have voltages with opposite signs. Similarly for even
symmetry, those boundaries must have the same voltages.
Boundaries 2 and 4 in both cases are floated. The
numerical solution for these conditions is shown in Fig. 9.

the resulting potentials:

S5

S0

450

401

35

30

25

201

15

101

50

(b)
Fig. 7. Numerical solution to an arbitrary Poisson
equation. (a) Exact value of voltages (mV). (b) Electrical
field lines and equipotential lines.

nr ez pelems:

| — L

Fig. 8. Numerical solution to Lap_lace equation for an
arbitrary voltage functions as first boundary condition.
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the resulting potentials:
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the resulting potentials:
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a9.4

9.2

Fig. 9.Numerical solution for odd and even symmetry of
voltage of the boundaries. (a) Odd symmetry in which
obviously voltages in the middle of the boundaries 1 and 3
are zero. (b) Even symmetry in which voltages of all
points of the grid of the structure are equal because of the
even symmetry effect.

16) As mentioned, by calculating the divergence of the
obtained potentials or electrical fields, the capacitance of
the structure can be easily obtained by summing the value
of electrical fields across the boundaries. In that case,
knowing the value of the permittivity of the liquid used for
our experimental Laplace equation solution is important.
17) If the capacitance of the structure is measured with
another method, the value of the permittivity of liquid can
be calculated.

18) From calculation of electrical fields which is equal to
the derivative of the potentials obtained from the Laplace
equation, it can be understood that the resulted voltages
and electric field are independent from the liquid
permittivity.

19) The electrical field lines and equipotential lines can be
obtained by analyzing the potentials in MATLAB
software. But the equipotential lines can be obtained
directly from experimental solution by following the lines
on which the value of the voltage is constant along them.
Also the electrical field lines are traced by following the
lines on which the values of the voltages have the
maximum variations.

20) After all, this fact should be mentioned that all of the
experiments have been done here, can be extended to a
different 2D or a 3D Laplace problem such as a cubic or
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pyramidal 3D Laplace problem. Fig. 10 shows an example
of 3D Laplace problem that can be solved with
experimental, numerical or analytical methods.

Conclusion

Here, a very simple experimental setup was introduced to
measure the electric potential of a 2D structure. Based on
this setup, several classical electromagnetics theorems
have been practically verified. These include, influence of
boundaries values, mean value theorem, capacitance
measurement, It is believed that the results of this research
can be used as a tutorial tool for undergraduate students in
Physics, Electromagnetics, and even in engineering
mathematics course.

the resulfing potentials and fields

Fig. 10.Numerical soﬂljutio?l to an example of 3D cubic
Laplace problem
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